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ABSTRACT

The fact that Harris distribution is a member of generalized power series
distribution gives rise to the characterizations based on the sensitivity of the
reliability function, mean and variance, infinite divisibility and series function.

Some other distributions with gaps in this support are also characterized.
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1 Introduction

Harris family of distributions defined by its probability generating function (p.g.f)

P(s) = ——=——+ k, a positive integer and m > 1, is a generalization of geo-
(m—(m—l)sk)E

metric distribution on {1,2,3...} to which it reduces when k = 1. The speciality

of this distribution is that its atoms are k integers apart or the probabilities are

concentrated on the points {1,1 + k,1+ 2k...}. Also these probabilities coincide

with that of negative binomial distribution on {0,1,2...} with parameters %

and
%. The distribution was first introduced by Harris (1948) in connection with a sim-

ple branching process where a particle either splits into k£ + 1 identical particles or
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remains the same during a short time interval At. We can also consider a Harris
distribution with support in {a,a + k,a + 2k ...} a > 0 integer, as a generalization

of the distribution with support on {1,1+ k,1+ 2k...}.

Harris distribution plays a key role in schemes with random sums in general and
in branching processes and time series models in particular. (See,Satheesh (2002),
Satheesh and Nair (2002a,b)). Satheesh and Sandhya (2005) have developed a time
series model that has an inherent N-sum structure where N is Harris distributed.
Satheesh and Nair (2004) have shown that a Harris-sum of Harris distribution is
again Harris and they used this property to generalize Marshal-Olkin parametriz-
ing scheme. Sandhya et al. (2008) have presented the Harris distribution as an

appropriate marketing distribution for a specific manufacturing unit.

Again, parallel to the notion of infinite divisibility and geometric infinite divisi-
bility generalizations of these concepts have also been worked out in many directions
for example, see Gnedenco and Korolev (1996) and Stutel and Van Harn (2004). It
has been shown in Sandhya et.al (2008) that Harris distribution is infinitely divisible.

It has also been shown that Harris distribution is a member of generalized power
series distribution (GPSD), defined in Patil (1962), and Johnson et al. (1992).
Sherly and Sandhya (2009) use this for the estimation of natural parameter and
its k™ power. Also UMP and UMPU tests of the population means as well as the

sampling distribution of the test statistics are discussed.

In this paper we characterize GPSD in the context of sensitivity of the reliability
function corresponding to a system working in a random environment. Section 2
deals with the characterization of GPSD which includes all power series distributions
(PSD) with gaps in their support. In section 3 Harris distribution is characterized
(i) through a differential equation based on the ratio of two successive derivative
of the series function (ii) through the ratio of two probabilities associated with two
successive values in the range of the random variable and (iii) through the ratio of
two consecutive factorial moments. Again Harris distribution is characterized based
on its mean and variance and these results are included in section 4. Finally in

section 5 Harris distribution is characterized based on infinitely divisiblity.
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2 Characterization of GPSD

First we define a GPSD (See Patil (1962) and Johnson et al. (1992))

Definition 2.1. A random variable X on {a,a + k,a + 2k,---} is said to have a
GPSD with parameter 8 > 0 if

cn0a+nk
c@©) -’

Qn(0) = P(X =a+nk) = n=0,1,2..., (2.1)

o
Also ¢, >0 and C(0) = 3. ¢,0°T™ a >0, k > 0 are integers.
n=0
Without loss of generality we assume that C'(0) = 1, writing in terms of n, where

n = 6% and dividing both numerator and denominator by 6% we get

Qn(n)zP(X=a+nk):%, n=0,1,2...
and C(n) =Y ™, Q(0) =0. (2.2)
n=0

We state without proof the following theorem of random variables taking values
on S ={a,a+k,a+2k,...},a>1k>1, integers. The proof follows on the same
line as the proof of theorem 2 in Sreehari and Pathak (1999). The advantage of this
theorem is that it includes all power series distributions(PSD) with gaps of interval

k in their support.

Theorem 2.1. If X has a GPSD given by (2.2) then

d C(l)(n)
—P(X >a+7k) = P(X <a+rk
dn ( ) C(n) ( )

=2 Cl+D(0)

COGy) =012 (23)

J=0

Or, equivalently

r 1 oG+
S aimem =cm Y. S Dam. 2.4)
= = (0)

Conversely assume that, if X is a non negative random variable with the probability

distribution

P(X =a+nk) = Qu(n), n =0 and Qo0) =1,
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Qn(n) satisfies (2.3) or (2.4) for some power series C(n) positive, finite, differ-
entiable function and C(0) = 1. Then X has a GPSD given by (2.2), where
Cn = %. C™(0) denotes the values of the n'* derivative of C(n) at n = 0,
R.H.S of (2.4) is interpreted as zero for r = 0.

Remark 2.1.

(i) If X has binomial distribution with gaps, we have the probability mass function

(p.m.f) as

P(X =a+rk)= ("

)pran,0<p<1, g=1-—p, r=0,1,2,...
-

1.€.,
() (09)
P(X:a—i—rk):m,?“:o,l,Q,...n
where OF = 1’%}) by putting n = 6% we have,
()7
PX=a+rk)=-—,r=0,1,2,...n,
( )= Cw)

where C'(n) = >
0

pormar = (VLY ()T es

Then the equation (2.3) reduces to

()™= @0 +n)"

d _
—P(X>a—|—rk):n !
1+mn

dn

P(X =a+rk).

(ii) If X has Poisson distribution with gaps it has p.m.f

—)\)\r
P(X=a+rk)="""r=012,..
7!
putting A =n,
P(X =a+7k)= 4 ,r=0,1,2,
C(n)r!
where
o)=L =en (2.6)
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For Poisson with gaps

diP(X >a+rk)=P(X =a+rk).

n

(iii) We consider generalized Harris distribution with support on {a,a + k,a +
2k, ...} with series function C(6) = 6% (1 - 9’“)7%, putting 8 = —% in Sherly
and Sandhya (2009)

%Jrrfl)ga (ek)r

P(X:a—i-rk):( r

ga ( ek)ig ., a>0,k>0 are integers
a 1 — k

Putting 6% = n and canceling common terms the p.m.f reduces to

(a/k)+r—1\, r
P(X=a+rk)= M

- 0<n<1r=0,1,2,..., (2.7)
(L—n)"x

)

is represented by Hy (n,k, %). Here C(n) = (1-n)7% =3 ((a/k)jT_l)n’“. Then

d a+rk
L P(X>atrk)= 2T
( )= ki

a P(X =a+rk).

(iv) If X has a geometric distribution with gaps its p.m.f

P X=a+71k)=q¢p,r=0,1,2,... putting q=n
,)77'
P(X=a+rk)= ,r=0,1,2,3...,
( '~ ew
C)y = _n"=@0-n"", (2.8)
%P(X >a+4rk)=r(1—n)"'P(X =a+rk)
=rC(n)Qr(n).

3 Characterization in terms of series function

Wani and Lo (1986) characterized a subclass of PSD known as standard power series
distribution (i) through a differential equation based on the ratio of two successive
derivatives of the series function (ii) through the ratio of two probabilities associated

with two successive values in the range of the random variable and (iii) through the
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ratio of two successive factorial moments which includes familiar discrete distribu-
tions binomial, Poisson, logarithmic series distributions and negative binomial.

c0%

Consider the PSD with p.m.f P(X = z) = C:’D(H)

function is C(0) = > c,0". If C(0) is the series function of a standard power series

, x = 0,1,2,..., the series

distribution then

c@)(8)
C'(Tl)(g)_ax9+bx’x_0’1’2"' (3.1)
ay by .
x =T~ b =—F—— h 2
a I~ @ -1 b P wit (3.2)
. C'(0)C®)(0) C’(0)
1=1- =

{crop 7 ooy
Now we state the following theorems (without proof) for the subclass of GPSD

parallel to the theorems given in Wani and Lo (1986).

Theorem 3.1. The GPSD is a standard generalized power series distribution if any

only if the series function satisfies the following relation

) =a1n+ by, (33)

with the value of a1 determines the exact functional form of the standard generalized

power series distribution.
This leads to the following characterizations of Harris distribution,

Theorem 3.2. The Harris distribution is a generalized standard power series dis-
tribution if and only if the series function satisfies the following relation

CW(n)
C@(n)

=an+0b = , here a; = —by and —1<a; <0. (3.4)

a+kn+a—i—k:

Proof. The necessary part is clear. We can prove the sufficient part from (3.4),
¢ (n)

v . .
Gy = (L= ) Put CO() = Vo), then ) = i integrating

both sides with respect to n we get V(n) = ki(1 — n) _ak+k, integrating again with

respect to 1 we get

Cn) = — (L=m)F + k.

—a/k
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From the condition C(0) =1 we get, k; = ¢ and k2 =0

—a

Cln) =0 -mn+.

Remark 3.1. Following the same lines as in Wani and Lo (1986).

(i) 0 < ay <1 for a binomial with gaps C(n) = (1 +n)™ from (2.5),

cWm) 1 1

CO) n-1"" =1 (3:5)
(ii) a1 = 0 yields a Poisson with gaps, C(n) = €" from (2.6).

)

C®) (n) =1=ain+b;. (3.6)

(iii) a1 = —7% for a geometric with gaps distribution C(n) = (1 —n)~' from (2.8).

CW@m) 1 1

In Dubey (1976) and Ord (1967) it is observed that power series distribution
with p.m.f f(z) the ratio u, = zf(z)/f(x — 1) = c1z + dy is a linear function of

x. Later in Wani and Lo (1986) it is shown that it is the characteristic property of

00 g (2000
) 1 b1

standard power series distribution when ¢; = —

the following theorem for GPSD.

. These suggest

Theorem 3.3. A GPSD with probability function f(x) is a generalized standard

power series distribution if and only if u, = f:(Ef(ﬂU)l) =czr+d, x=23,4...
x —_—
— 142
where ¢; = a1n7 dy = M.
b1 b1

We have the following theorem,

(i
(1—m)=a/k

af(x)  _
flz—=1)

Theorem 3.4. The Harris distribution with probability function f(x) =

s a standard generalized power series distribution if and only if u, =

nx+(%71)n:clx+d1,x:2,3,4....
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Proof. As Harris distribution belongs to GPSD we have

an$ B (a/k+mfl),’7x

T

flx) = ,e=0,1,2...

C(n) B C(n) (3.8)
zf(x) xCyn
and wu; = = .
f(CL‘ - 1) fol
Now we have,
C, 1— ko (x—2)
Ca:—l aikx

Substituting in (3.8) we get

k
a+k
a
:mv—i-(E—l)n:clx—i—dl.

Conversely suppose that u, = cix +dy = nx + (% — 1) 7. Then from (3.8) we have,

2Co _ U _a, d
C:r,‘fl n n n
= 02(1‘ - 2) +d2,
2
where ¢y = ﬂ, do = ngﬂ.

n n
Multiplying both sides by (z — 1) and rearranging
(x —1)Cpq = Cox(x — 1)ds + Cp—1(x — 1) (2 — 2)c3, (3.9)

where c3 = }—‘;% ds = i.

Now,
CW(n) = 2Cn™ ' = (z—1)Cpan™” (3.10)
=1 =2
Also,
c® (n) = Zx(x —1)Cpn* 2
=2
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Substituting (3.9) in (3.10) we get

CM () = (esn+ds) C"(n)
cW(n) —k

c@(n) s

This implies that Harris distribution is standard generalized power series distribu-
tion.

Ottestad (1939) observed that the ratio of factorial moments of order r and r —1

is a linear function of r that is, Aoy cor + da. In Wani and Lo (1986), it is
:U'(rfl)
shown that it characterizes a standard generalized power series distribution by the
relation
—a10 (1 + 2a1)9
Cg= ——F——, dy = ——F .
a10 + by a10 + by

So we can state the following theorem for GPSD,

Theorem 3.5. A GPSD is a standard generalized power series distribution if and

only if
V, = P cor + da (3.11)
M(rfl)
where
—ain (1 +2a1)n

:a17]+b1’ 2= a177+b1.

So we have the following characterization for the Harris distribution is,

Theorem 3.6. The Harris distribution is a standard generalized power series dis-

tribution if and only if

. —k
v = o) :r< U >+<a )77:027.+d2 (3.12)
H(r—1) 1—n k )J1-n

where
—a1n (14 2a1)n

:a177+b1’ 2T ain+br

Proof. The r*" factorial moment of GPSD

= ——— (from Johnson et al. (1992)). (3.13)
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For Harris distribution, we have,

=@ 0Tk, ot =Dk e
) =1 — o (L—m)7k
aa+k a+(r—-1k 0"
/~L(r) = E 2 ce 2 (1 — 77)T (3.14)
From (3.1) and (3.2),
") a1 b1

_— = 1 r = s =

Gy ~ et brand ar = e b = T
Substituting in (3.14) we get

(r)

pe-1y  CU=H(n)
—ainr (1+2a1)n
= +
a1m + by a1n + by

= cor + da.

Also from (3.14)

r a—k
V_Ml(i()l)_<1ﬁn>r < 2 )1_—627‘+d2
Put r=2in V,
c®(n) 2 a—Fk 1
COm) " 1-7" & (A-n
;(77) —k

C@(n) ar k' A E
Now we find u, and V. ratios for some standard generalized power series distri-

butions.
Remark 3.2. (i) Binomial with gaps
From (2.5),

_rflr)
flr=1)

pey=n(n—1)...(n—r+1) <77>r

Uy = =nn—r+1)=—nmgr+nm+1)np=cr+d

147
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Hr -1 n
V, = =(——|r4+(n+1)—— = cor + ds.
T <1+77) ( )1+n o

(ii) Poisson with gaps
From (2.6),

Up =1n=c1r +d

py =n"
M
V. = =1 = cor + ds.
Hr—1

(i1i) Geometric with gaps
From (2.8),

up =n=cr+d

r

n
=l
'U’(T) r (1 _ n)r
Vo= =gl — )7 = cor + da.
Hr—1

4 Characterization based on mean and variance

Here we characterize Harris distribution in terms of its mean and variance, simi-
lar to a characterization of generalized negative binomial distribution as given in
Ashanullah (1991). Let X follows a power series distribution with p.m.f define by
(See, Ashanullah (1991))

P(X=x)={ CO) (4.1)
0, otherwise.

where b, > 0, C(0) = > byg(0)" and A, is a subset of integers {s,s + 1, s +

TEAs
2,...},s = 0.
Also mean and variance of r.v X with p.m.f (4.1)) is given by
_9(0) C'0) _

=g = @) T az(0) (say).
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Theorem 4.1. In the class of GPSD defined on set of nonnegative integers, the
p.m.f is of a Harris distribution H, (9, k, %) iff

gk
1—6F
k 6%
02:a2(n):70<9<1
(1—6%)

p=oa1(n) =a+

Proof. The necessary part can be easily shown. We prove the sufficiency part.

From (4.3) we get,

, dp kO
=39 ~ o(1 = 0%)2
wa®) 9(0)
az(0) = 7(0) = o (0) - 7(0) (4.4)
g'0) o4(0) 1

Hence g(0) = 0 + c1, ¢ is arbitrary constant.
With the initial condition ¢g(0) = 0, ¢; = 0.
Next is a characterization of Harris distribution based only on its mean. For a

similar discussion see Ashanullah (1992).

Theorem 4.2. If mean of GPSD defined on the subset of integers X1, where X1 =
{a,a + k,a+2k---}, a,k > 0 intergers is E(X) = a + % =0 - f(6) and the
parameter 0 lies in the interval b < 0 < ¢, —o00 < b < ¢ < o0, where f(6) is

integrable over a finite interval [a,u),

/u £(0)d9 = F(u).

If eFw) = tZawux

z€eSs

then ¢y =tay, and t 1= Z aw(ﬂk)m = C(0).
reS
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Proof. As Harris distribution belongs to GPSD,

! k

E(X)=46 gég)) =a-+ ok from (4.3)
a ok
AT 9k)9) =0-7(6)

with ¢ = C(0)
and P(X =a+zk) = C(0) ', 0%(0%) x € S,

where ¢, = toy.

5 Characterization of Harris distribution based on infi-
nite divisibility

Katti (1967) has shown that a necessary and sufficient condition for a r.v X to be

infinitely divisible (i.d) is that

i—1

WZ:%_ZT(@—Q&ZO&H‘Z:l:Q: (51)

po Po

Theorem 5.1. A r.v X has the Harris distribution with parameters H, (9, k, %)

with p.g.f %((695) iff

1
Ty = E(a’“)r, r=1,2,... (5.2)
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Proof. For Harris distribution H, ( ) we have,
(1/k+r 1)
PX =a+rk] = 0 r:O,l,Q,...

P11

T — —¢F

Yook

2 1

Ty = P2 71'1]2 = —(#*)? and so on.
Po po k

1
In general . = E(Hk)r,r =1,2,....

Conversely suppose (5.2) is true. Then from (5.1),

1/k
p1 = TPy = < / >9k

2py = <1/k2+ 1) (6%)?po
3ps3 = (1/k3+ 2) (6")*po

In general
r—1
P =Y Tripj
§=0
r—1 .
, 1/k+5-1
:(Hk)pOZ(/ .] >

(e
A b
pr = (Uk e 1) (6")"po

r
Hence the proof.
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