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ABSTRACT

The main objective of this paper is to study the newly introduced extended
gamma function and present some properties of the existing extended beta
and hypergeometric functions with their properties such as integral formulas,
functional relations, differential formulas, summation formulas, recurrence rela-
tions and the Mellin transform. In addition, applications of the extended beta
function to statistical distributions have been discussed by providing mean,
variance, coefficient of variance, moment generating function, cumulative dis-

tribution and reliability function of the new extended beta distribution.
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1 Introduction

Chaudhry and Zubair, (1994) extended the well-known classical gamma function by

setting exponential regularization factor exp (—pt‘l) as follows:

Ip(x) = /000 t*“lexp (—t —pt~ 1) dt, (1.1)

where Re(p) > 0, Re(x) > 0.
Chaudhry et al., (1997) presented the following extended Euler’s beta function with

the exponential regularization factor exp(—pt—1(1 —t)™1):

By(z,y) = /01 " 11 —t) Lexp <_t(1p— t)) dt, (1.2)
where Re(p) > 0, Re(x) > 0, Re(y) > 0.
They (Chaudhry et al., 1997) also show the application of the extended Euler’s beta
function in equation (1.2) to statistics by establishing the following beta distribution
and the mean, variance, moment generating function and cumulative distribution:

foy = | Bt (Lm0 eap (~ity) . O<t<t

0, otherwise,
where p > 0, —o0 < a, f < 0.
Chaudhry et al., (2002) used the extended beta function in equation (1.2) to derive

the following extended hypergeometric functions:

o BBtwy B, 2T
Fyla, B;7; 2) wzzo BGA—p @

where p > 0, |z| < 1, Re(a) > 0, Re(y) > Re(S) > 0, and

BB,y-8) @

o

Op(Biyi2) =)

w=0

where p > 0, Re(y) > Re(8) > 0.
Applying the methodology of (Saif et al., 2020), the newly modified special functions
were given by Kulip et al., (2020) in the following equations:

Dy(a:€) = /000 e gy, (13)
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where Re(p) > 0, Re(z) > 0, £ € RT\{1},

By(z,y;€) = /1 1 - t)y*g(‘ﬁ)dt,
0
where Re(p) > 0, Re(z) > 0, Re(y) >0, £ € RT\{1},

e B _ A w
Fyla, B;v;2:6) = ) p(%zrﬁw,ym_ B)B’ 2 (e —

w!’
w=0 ’

where p > 0, |z| < 1, Re(a) > 0, Re(y) > Re(B) > 0, £ € RT\{1}, and

o o = Bp(ﬁ_‘_wa’y_ﬁag)f
<I>p(ﬁa’7,zaf)_wz:0 B(/@a’}/_,@) w!7

where p > 0, Re(y) > Re(B) >0, £ e RT\{1}.
Barahmah, (2021) studies the following extended special function:

! P
Bp,q(l',y;f) —/0 tx_l(l —t)y_lg(f?f(l—t»dt’

where Re(p) > 0, Re(q) > 0, Re(z) > 0, Re(y) >0, £ € RT\{1},

e £ — — Bpq(B+@,7 = B¢ 2%
vaq(aaﬁa’Ya'Z?g) wz::o B(ﬁ,'}’—ﬁ) (Oé)ww!,

where p,q > 0, |z| < 1, Re(a) > 0, Re(y) > Re(B) > 0, £ € RT\{1}, and

e — = Bp,q(ﬁ+wa’y_57§)f

where p,q > 0, Re(y) > Re(f) >0, £ € RT\{1}.

The main objective of this paper is to introduce a new extended gamma function,
Fg(:):; ¢) and also to study other properties and applications of the existing extended
beta function, Bg;}f(a:, y; ).

Definition 1.1: Using the methodology of (Chaudhry and Zubair, 1994, and Par-

mar, 2013), the following extended gamma function is introduced:

I0(a;€) = /OOO et a, (14)
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where Re(p) > 0, Re(z) > 0, Re(§) >0, £ € RT\{1}.
Definition 1.2: The following extended beta function is defined in (Abubakar,
2022 a)as

0,9 ! z—1 y—1 (_t%_ﬁ)
Byl (way;5)=/0 T (1—)g dt, (1.5)

where Re(p) > 0, Re(q) > 0, Re(z) > 0, Re(y) > 0, Re(f#) > 0, Re(y)) > 0,
e RT\{1}.

2 Properties of the extended beta function

Theorem 2.1: (First summation formula)

[e.9]

Bi¥(x,1—y;8) = 2;”3”(“@ 1;¢). (2.1)

w=0

Proof: The left hand of equation (2.1) can be written as
o) ( g )
Bg:g)(x?l - yaf) :/ txil( ) yf t" a-0% ) q¢.
0

Applying the extended binomial theorem (1 —¢)"% = > >°_ W= 4= and then chang-

w=0 o!

ing the order of summation and integration, gives

BY: w(x 1— 5) _ i (y)w 1t:p71(1 B t)llf(_t%_(lqt)w>dt
Pg ¥i a w‘ 0
w=0

= i %B Y+ @, 1;€).

w=0

Theorem 2.2: (Second summation formula)
ng:r:yg ZBe’wx—l—w,ijl;f). (2.2)
Proof: The left hand of equation (2.2) can be written as

Bﬁ;}f(g;,y;g):/oltwl(l tY(1—1t)" 15( o a qt)”’)dt‘
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Applying the extended binomial theorem (1 —¢)~! = "> ¢* and then changing

the order of summation and integration, gives

()
Bgz[) :IZ yf Z/ (@ = 1 )y+1 15 1-0)¥ dt

Z BYY(z+ @,y + 1;€).
Theorem 2.3: (Functional relation)
BYyY(x,y;€) = BoW (x4 1,y;€) + BYY (x,y + 1;€). (2.3)
Proof: The left hand side of equation (2.3) can be expressed as
0,4 ! x y [4—1 -1 ( PG qt)ﬂl)
By (z,y;€) = ; A=) {1 -1) dt
! 1 ( e w)
:/ (1=t {(1- +e e 0t
0

= By (z+1,y;¢) +B§;$<x,y+ 1;€).

The following summation formula can obtained by using equation (2.3) and math-
ematical induction:

Corollary 2.1: (Third summation formula)

w

w
Bg:}f(x,y;f)zz<n>Bg:g’(a:+n,y+w—n;§), w e N. (2.4)
n=0

Theorem 2.4: (Integral representations)

jus

Bﬁ;;"(:c, g €) = 2/2 cos2 1 psin2 1 5(—psec29 o—qesc?? Q)dg, (2.5)
0
fe’e) 9_

=a)9p _ (b-a)¥q

= (b— o)~ /bm >“<b—u>yls<‘<l+ﬂ>9 )i, o)

2M9p  2¥q

m+y)/ (4 1)""X( M)y—1§<_<1+u)9 <1—u)¢)d,u7 (2.8)

_2/0 2e=l — 2y 15( W ﬁ)du. (2.9)
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Proof: Equations (2.5)-(2.9) can be obtained by using the transformation ¢t =
cos?o, t = pu(l+p) ™ t=(—a)(b—a) t =271+ p) and t = p? in (1.5),
respectively.

Theorem 2.5: The following gamma product formula is correct

T0(z; OTY (y;€) = 2 /OOO 7"2(””‘15(”2)3%1%%(3:, y: €)dr. (2.10)
Proof: Putting t = x% and t = A\? into equation (1.4), the following can obtain:
rg@;g)::zjﬁmﬂﬁx1§C”§‘J%>dn, (2.11)
and
T (y;€) =2 /OOO A1 5 gy, (2.12)

By multiplying equations (2.11) and (2.12) and then setting kK = rcosp and \ =

rsin g, yields
0
Lo (z; )Ty (y:€)
bl

— 4 / 2(3:+y 15 ) COS Q Sin2y_1 é‘(_ r2 c:s29 o rZsin? ) d'rdg
0

Reversing the order of integrations leads to
IO (2 TV (y; €
oo
— 2/ 2(x+y 15 { QSin2y71 Qf<_ 2 Cizeg_T2 siﬁz%)dp} dr
0
)B

:2/m2uw>§
0

Theorem 2.6: (The Mellin transform)

%%(:Uyg)

M{Byy (@, y;£);p — r1,¢ — 12} = D(ri; T (ro; ) B(z + Or1, y + ¢hra),  (2.13)

where Re(x + 0r1) > 0, Re(y + vry) > 0, Re(ry) > 0, Re(rg) > 0, £ € RT\{1}.
Proof: Using the definition of the Mellin transform (Debnath and Bhatta, 2007)
and equation (1.5), yields

M{BEY (@, y;€);p — r1,q — 72}

s P )
:/ / prl—lqrg—l / ta:—l(l_t)y—1§ t (1—t)¥ dt dpdq.
0 0 0
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Changing the order of integration gives
M{BYY (2, y;€);p — 11,4 — 72}
1 e’} 00 q
:/ tw—l(l _t)y—l {/ pm—lf(—ﬁ;)dp} {/ qr2_lf(<1tw)dq} dt.
0 0 0
Substituting p = 51t and ¢ = so(1 — ), leads to
M{BSY (2,y;€);p — r1,q4 — 12}
1 00 00
_/ tx+9r171(1 _t)y+¢'1“271 {/ 311_15(51)031} {/ 372“2_15(52)d$2}dt
0 0 0
=D(r; Ol (re; §) Bz + 0r1,y + ¢ra).

Considering equation (2.13), the following result can be obtained:

Corollary 2.2: (The inverse Melling transform)

0, .

BY¥ (2, y;€)

_ L /”1““’ /W“ D(r1; )T (ro; )L (w + 0r1)L(y + ro)
an? J, g0 T(z 4y + 0r1 + ¢ro)

p g "2 dridrs.
1—100

where 1, 71 > 0.
Theorem 2.7: (Recurrence relation)
By (. + 156) — yBYy (a + Ly:¢)

= In(§) {aBpy (v + Ly = 1;E) = pByy (@ = Ly +1:6)}

(2.14)
where Re(x) > 0, Re(y) > 0, Re(p) > 0, Re(q) > 0,£ € RT.
Proof : Setting
0, . — 0, .
Bp,g}(l"ya 5) - M{hp,qqz}(t ‘Y g)}a
where
WOU(t:y; €)= H —t)(1 — )Y~ (_t%_“—qt)“’) 2.15
p,q('yaé)_ (_)(_) f ) ( )
and H(1 —t) is the Heaviside delta defined in (Ata and Kiymaz, 2020) by
0, t>0,
H(l—t) = (2.16)

1, t<0.



Extended gamma, beta and hypergeometric functions

Differentiating equation (2.15) partially with respect to t, gives

P

gthz’,? =—06(1—-t)(1— t)ylf(_te_“qt)w) —HA1—t)(1- t)y2€(_§9_(1qt)w)

+H-H0 =" () (tgi e —q?&iwl) 5(_5_“‘%1").

Using the fact that (Abubakar, 2021 a)

25

d
0= (2.17)
and
S(1—t)=6(t—1)=0, fort#0 (2.18)
yields
gthizif =-H(1—-t)(1- t)y2§(—te—w)

HopHa =0 t>y‘9‘21n(5>5(‘5‘uiw)

~YeH(1 -0 - t)y_w_QIn(f)f(_t% “wa? ) .

Consider the Mellin transform property (Abubakar, 2021 b)

M{h(t): 2} = F(z), (2.19)

and

M{h(t);z} = —(z — 1)F(z — 1), (2.20)

leads to

—(z = 1)BpY(x - 1Ly:&) = —(y — By (x,y — 1;)
+0pIn(€)Byy (x — 0 = 1,4;€) — paln(€) By (z,y — ¢ — 1;€).
Simplifying, for

(x = 1)Bpy(x = 1,5:6) + (y = 1)Bp v,y — 1;€)
= In(&){vqBYy (z,y — v —1;€) — OpBLY(x — 0 — 1,y;€) }.
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Setting  — =z + 1 and y — y + 1 yields the desired result in equation (2.14).

Theorem 2.8: (Differential formula)

v 1 p___a
O RO,y 6) = / t”_l(l—t)y_llnw(t)ﬁ( b)) g (2.21)
0

axw p:q

Proof: Differentiating equation (1.5) partially with respect to x, gives
0" po o 1 1 (—%—%>
&IinP:gJ(‘T’y; ) = /0 {Wtz} (1 =)V InF ()N T DT/ dt.

Using the formula in (Abubakar and Kabara, 2021)

aw xr __ 4 w

yields the desired result in equation (2.21), following the same procedure leads to
the corollaries below:

Corollary 2.3:

P

iy = “rp (‘?@‘ﬁ)
ainzfq (z,y;6) = [ " (1 =t) " In"(1 —-1)§ =% ) gt
y ’ 0

and

6w+w j2

1 _ P ___aq
oo Dot (#.4:6) = / t”ﬁ‘lln%)(l—t>y—lan<1—t>s( )
=y 0

Corollary 2.4:

8w
oy Dot (22 €) = (S 1= (€ B (v — 0, 56).

and

aw
o Bra @y 8) = (F1)°In* (OB, (@,y — Ywié).

3 The extended beta distribution
The extended beta distribution is defined as follows:

%t‘l_l(l — t)ﬂ_1£<t%(1_qt)¢), 0<t<l,
ft) = { Byl (e.8:) (3.1)

0, otherwise.
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where p,qg > 0, —00 < a, 5 < 0.
The moment of the distribution in equation (3.1) is
0
By (a+ @, B )
97
By (e, ;)

E(X®) =

)

where p,q¢ > 0, —0o < o, 8 < 00, w € N.

The variance of the distribution in equation (3.1) is given by
0" = B(X?) — {B(X)}?
By (o, B:€) Brif (o + 2, 8:€) — { By (0 + 1, ;)2
{Bi (a, 5:6))?
The Coefficient of Variance (C.V) of the distribution in equation (3.1) is

By (o, B;€) Bod (a + 2, B;€)

CV = X -1
By (a+1,5;)
The moment generating function (m.g.f) is expressed as
o0 oo
t= - th’w(a—kwﬁf)
O ST gt |
w=0 w=0 p,q ( ,3;6)

The characteristic function is given by

i =L iTt® - N g Be’d’(a—i—w,ﬁ;g)
My(et) = 3 () = 30 .

= = 2w B (e 59
The cumulative distribution function, also known as the probability distribution
function is ew ’”(a 5 g)
F(z)=F(X <) / f(t)dt =
o (0, B5€)

where Bg;ff “(a, 8;€) is the lower incomplete beta function defined as

. z E_L)
Bﬁ:;%,ﬁ;o:/o (1 —1)” 15( BT ) gy,
where D,q > 0, —oc0 < a’ﬂ < 0.

The complement of the cumulative distribution function is called the reliability

function which is determined by

0,1
Riz)=F(X >z)=1-F /f _2?92(( ;;)
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where Bg,’ff;x(a, B;€) is the upper incomplete beta function defined as

BO¥ €)= 1ta*1 1—¢)A1 (_f%_(l*qﬂw)dt
p,q;x(a7ﬂ7§)_ . ( - ) 5 )

where p,q > 0, —00 < «, 8 < ©.

4 Extended hypergeomtric functions

Definition 4.1: The extended Gauss hypergeometric function is given in (Abubakar,

2022 b) as

>\ B (B + @,y — B;€) 2%
Fl¥ (o, By 2 €) sz::O L BG4 B) (@) — (4.1)

where p,q > 0,|z| < 1, Re(a) > 0, Re(y) > Re(B) > 0.
Definition 4.2: The extended Kumar confluent function is defined in (Abubakar,

2022 b) by
X Byt (B+w, v — B;€) 2

VY (37 2 €) = : (4.2)
P4 wZ:O B(ﬁv Y= B) w!
where p,q > 0, Re(y) > Re(B) > 0.
Theorem 4.1: (Integral formulas)
Bl (o, B ;7€)
S S L VRN B N il O G v I
" B(Bv—h) /0 - WZO(O‘)W ! 5( o )dt’

where p,q > 0;p = ¢ =0 and |z| < 1, Re(a) > 0, Re(y) > Re() > 0, and

Bl (o, B3 7; 2:€)
_ 1 ! B—=1/1 _ p\v—B—-171 _ —a (7%7(1—(2)#}) (44)
_B(/Bﬁ_m/ot (1= )=F-1(1 — t2)~0¢ dt,

where p,q > 0; p = ¢ = 0 and |arg(l — 2)| < 7, Re(a) > 0, Re(y) > Re(B) > 0.

Proof: Equation (4.3) can be obtained by using (1.5) in (4.1), using extended
binomial theorem (1 —¢)7% =Y > Weyw iy (4.3), (4.4) is obtained. By putting

w=0 !
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t = u(1+ p)~! and ¢ = sin? p into (4.5), the following result can be obtained:
Corollary 4.1:

Fyd(a, ;7 2 €)

1
~ BBy - P)
where p,q > 0; p=¢ =0 and |arg(l — z)| < m, Re(a) > 0, Re(y) > Re(f) > 0, and

*p<1+%>07q(1+u)1’/})

1
/0 PPN+ )T (L —Z))‘O‘f( s

0, A o
By (o By 71 2:€)
2 / F n21 p og2-6)-1 in2 g)~ag(—psec e—gesc?V o)
== sin 0COS o(1 — zsin” g)~*E\ 7P e~ %) do,
BB —5) Jo | :
where p,q > 0; p = ¢ = 0 and |arg(l — 2)| < 7, Re(a) > 0, Re(y) > Re(B) > 0.
Corollary 4.2:

VY (8; ;2 €)
p q

1 ' s Y—B—1(zt) (7797m)
_ v _ dt.
3(5,7—6)/0 SR t

Theorem 4.2: (Differential formula)

d" (@)n(B)n

Rl n A e e € —
dtn p,q (a7 57 77 Z’ 6) (7)71

Fpd(atn, B +mn;y +n; 2 ). (4.5)
Proof: From equation (4.1), give

o

Fed(B+w,y — B;6) (@) d"
2 qu(ﬁ,vfﬁ) @l din”

dn
WFﬁﬁb(a,ﬁ;v;Z;f) =

w=0

Using the formula in (Srivastava and Manocha, 1984)

& Tl o,
dtn”  T(w—n+1)
gives
dr = Fi(B+wmy—68) (o)
7F97111 e o _ p,q ) ) w w—n
Setting w — w + n, leads to
d = Fpi (B+ @ +n,7 — B ) il
7F9,’l[1 . [P — p,q ? ’ otn—-
dtn p,q (aa6a7727§) Z B(ﬂ,’y—/B) (Ck) + w'

w=0
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Consider the fact that in (Srivastava and Manocha, 1984)

BBy —B) = "B(5 4 n,y — B),

(B)n
and
(Meotn = (@)nla+ 1),
yields
%Fﬁl}”(a, By 2:€) = (azzgf)” wi;o it g(; f:;&jﬁ_) 50 (o + n)w%w!
:Q%ﬁ?ﬁﬁﬁa+mﬁ+m7+mm8.

The following result is obtained from the differential formula in equation (4.5):

Corollary 4.3:

dr n
T (Biviz€) = Ef; )0 (B + niy +m; 2 €).

Theorem 4.3: (The Mellin transform)

M{FyY (e, B;7;€);p — 11,9 — 2}
: : _ (4.6)
- mrst g)BB;é,ﬂj_g;l)’ 7= B+ gra) o F1(a, B+ Ori;y + Or1 + ra; 2),
where Re(a) > 0, Re(xz + 6r1) > 0, Re(y + ¥re) > 0, Re(r1) > 0, Re(rz) > 0,
£ e RT.

Proof: Using the definition of the Mellin transform (Debnath and Bhatta, 2007)

to equation (4.1) yields

o0 ee}
M{Fg’;’b(a’ ﬂ’/%g))p — r1,q — 7’2} = /0 /(; prlfqu‘gfl

L M smag gyt ol B )
X{B(ﬁﬁ_ﬁ)/ot (1= £18-1(1 — 2)~o¢ dt b dpdq,

Changing the order of integrations gives

1
M{E) (0, B3 7;€)ip = 11,4 — 2} = M/O 11— )B4 — gz)

x { / Oop”—%(fg)dp} { / h q”*&(“qﬂ“’)dq} d.
0 0
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Substituting p = 51t% and ¢ = so(1 — t)¥, leads to

1 ! _ —Btipra—
M{Ep (o, Bi7: €)ip = r1,q — 12} = B P /0 e

X (1—tz)"@ {/0 571“1—15(—81)d31} {/0 572"2_15(_52)d52} dt

Applying the extended gama function in equation (1.4), gives

M{EDY (o, B;7:€)ip — 11,0 — 12}

_LOuOTE2E) [N iom1 _ Bt _.y-a
- ou e, /Ot (1) (1—tz)"dt
L(ri; )T (r2; ) B(B + 01,7 — B+ Yra)

) BB,y = B) oI (o, B+ Or1sy + 01 + hro; 2).

Considering equations (4.2) and (4.6), the following results can be obtained:
Corollary 4.4:

M{®OY (B;7;€)ip — r1,q — 12}

_ P 9L(re;§) B(B + 01,7 — B+ 1ra) . .
- BG4 F) OB+ Or1;7 + 0r1 + Pra; 2),

where Re(x + 0r1) > 0, Re(y + v¥ra) > 0, Re(r1) > 0, Re(ry) > 0, £ € RT\ {1}.
Corollary 4.5:

1
Fyd (o, B5;2:€) = —/
Y

1o /WHC’O L(ry; 0 (ro; §)B(B + 01,y — B+ ra)
Y2 —1i00 B(BKY - 6)

X oFi (o, B+ Ori;y + 01 + ¢re; 2)p~ " g P dridrs,

1—100

and

o0y (B;7:€) = _ L /71”‘” /'Ym'” Llri; T (r2; ) B(B + Ori,y — B+ ¥r)
v v

47-‘-2 2 —100 B(ﬁﬂ/*ﬁ)
X D(B +Ori;y + 0r +2hro; 2)p~ " g 2 drdr,

1—100
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where v1,v1 > 0.

Theorem 4.4: (Difference formula)

(B=1)BB—1,7=B+DE (@, 8- 1;7 = 1;2¢)

= (y=B-1)B(B,y - B—DELY (a, By — 1;2€)

—azB(B,y = B)Fy (o + 1, By %:€) (4.7)
—OpIn(§)B(B— 0 — 1,y = B)Fyl (o, B — 0 — 157 — 0 — 1; 2 €)
+1pqIn(€)B(B,y — B— v — V) Fpgd (o, B3y — B — b — 1; 2;).

Proof: Setting

0V (8,7 — B LY (o, By s 25 €) = M{RS D (¢ 2y, p, 4 €)1,

where
h%ﬁy’}’ t: . — H(1 (1 — )7 B—1 o ( 79 (1_qt)¢)
D,q ( 'yapaQ7€) - ( - )( ) ( ) 5 )

and H (1—t) is the Heaviside delta defined in equation (2.16).Differentiating hp B (g
Y, D, ;&) partially with respect to t, gives

0
ahﬁf”(t Y0, ¢ §)

R e T ag( bt

- B (- (1 - 72 -y

_p__qa
+azH(1—-1t)(1 — t)7_5_1(1 _ tz)_(o‘+1)§( 10 (1_t)w)

el R S E )
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Using equations (2.17) and (2.18), gives

0

Sehed Yty g )

—(y=B-1)H1—1t)(1—t)F2(1 - tz)_af(t%(lth)
s (1 - (1 - =51 - aytong ()

 PBIREVE(L — D01 — o711 — g2)-ogF )

_p q
—qIn(§)H(1 —t)(1 — )Y F72(1 - t,z)—ag( 0 (1—t>w>
Using the concept of equations (2.19) and (2.20), yields

—(B=1)B(B—1,7v =B+ D)F{(a,B—1;7—1;2¢)
=—(y=B-1)B(B,y—B—1Fi¥ (e, B;7 — 1; ;)
+azB(8,7 = B)Fy (a+1, B 2 6)
+0pIn(§)B(B—0— 1,7 = B)Fy L (@, 8 =0 —1;7 — 0 — 1;2;¢)
—qIn(€)B(B,y — B — ¢ — DE L (a, By = B— ¢ —1;%).

Theorem 4.5:

(B=1)B(B -1,y =B+ 1)y5 (8 — 157 = 1;2¢)

= (Y= B—=1)B(B,y—B -4 (87— 1; )

— 2B(B,7 — B)®y (B 7: % €) (4.8)
—OpIn(§)B(B—0— 1,y = B)y1(B—0—1;7 —0—1;2¢)
+PqIn(€)B(B,y — B =19 — )OYY(Bivy — B — v —1;2€).

Proof: Setting
By (8,7 — B:)p, " (B 7; 2:€) = MRS (t: 9.0, ¢: )}

where

b q
a,p, . . _ _B-1 (iz — i
R8I (ty,p,qi€) = H(L—t)(1 — t)7 P Lel )5( ey )
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the needful result is obtained.

Theorem 4.6: (Functional relation)
0,9 R 0, R, 0, . R
VE, g (a, By 2;6) = BE) Y (o, B+ 15752:8) + (v = B)F, 7 (o By + 152;,6). (4.9)

Proof: : From the functional relation of the extended beta function in (2.3), one

can get

Fyd(a, 87 2 €)
_ i(a)w{3553(6+w+1,7—ﬁ;€)+Bg,’2”(ﬁ+w,'y—ﬁ+1;§)}Zw
w=0

— BB,y —B) w!

B(B,v—B) B(B,~v — B) !

BBy =B+1) [~ Boi(B+my—B+1:9 | =©
B(B.7- 5 {Z(O‘)w B(B.7-B+1) }w!'

w=0

_l’_

w=0
Simplifying, the desired result in equation (4.9) is obtained.
Corollary 4.6:

YO (857 2:€) = BN (B + 137:2:6) + (v = B)pY (Bi 7 + 1525€).

Theorem 4.7: (Summation formula)

Fpd(a, Biviz8) =(r—8)) (ii):l

n=0
Proof: From the extended beta function summation formula in equation (2.1),

E%(a, B+n;y +n+ 152 €).

gives

Fl8 (o, By 2 €)

)

>, BBt wtny - B+1;6) 7
ED Ny e a——

o0

= BB4ny—=B+1) [~ | Bpg(B+wtny—B+1;6) 7
"X T BB {Z(O‘)“ B+ —B+1) w!}

n=0 w=0

=(v=5) nz:o (5?2:11’5,’;”(%5 + ;7 +n+128).
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Corollary 4.7:

(55750 = (=02 éi):l

n=0

6,9 . .
5 (B+mn;y+n+ 1 2€). (4.10)

Using the summation formula of the beta function in equation (2.2), the following
results can be obtained:
Corollary 4.8:

Bl (o, B ; 23€)

o0

— 1 (6 -7+ ].)n (,B)n 0.4 . .
B(ﬁm—ﬁ)% n! (fy)n_HFp,q (a,B4+ny+n+1;28),

and

0, e e
VY (3;7; 2;€)

_ 1 00(6_74‘1)71 (B)n
- B(B,v—B) 2 n! (V)n+1

07w . . .
Qe (B4+ny +n+1;26)

n=0
Using the summation formula of the beta function in equation (2.4), the following
results can be obtained:

Corollary 4.9:

0, A e —
Fp7(’]¢(a16a’77'z7€) _Z

n=0

<W)B(5+n,7—5+W)

B(6,v - 8) Fpd (0, B +m37 + 13 23),

and

. B(B+ny— B+
(%$&WAQZE:CS (Bég—ﬁ)whﬁﬂﬁ+mv+m%®

n=0
where @ € N.

Theorem 4.8:

_ z
Fl (o, By 2:6) = (1= 2) " Fpf (a,v — By Z;&) : (4.11)

where p,q > 0; p,q =0 and |arg(l — z)| < m, Re(y) > Re() > 0.

Proof: Rewrite t — 1 —¢ in (4.4) and use

(1—zu—q)a:41—z)a<r+1fz)(i
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yields

0,1 U € ) I 81 tz — ot
Fp,q (avﬁaryazag)_B(ﬁ”y_B)/o tY (1 t) <1—|—1_2)£( (1—t) )dt

_ z
=(1-2) " <ow — B 2;5) -
Applying similar procedure the following results are obtained:

Corollary 4.10:
Fpi(a, Biv;2:6) = (1— 2) P E Y <7 —a, B —1Z_Z;§> ,
and
El¥(a, Byv;2€) = (1= 2)7 P EDY (v — a,y — B35 25 €),,
where p,q > 0; p,q =0 and |arg(1l — 2)| < 7, Re(y) > Re(5) > 0.
By putting z =+ 1 — 27! and 2 — — 2(1 + 2)~! in equation (4.11), the following

corollary can be obtained:

Corollary 4.11:
1
By <a,ﬁ;7; 1- Z;f) = 2"Fl¥ (o, y — B;v;1 — 2;€),

where p,q > 0; p,q = 0 and |arg(z)| < 7, Re(y) > Re(f) > 0, and

z

By <a7537; 7 +z;§> = (L+2)"Fpd (v — ayy = B5 7 =€),

where p,q > 0; p,q = 0 and |arg(1 + 2)| < 7, Re(y) > Re() > 0.
As a consequence of equation (4.11), the following corollary follows:

Corollart 4.12:
POV (B;7; 2:€) = R (v = Bi 73— 6). (4.12)
Theorem 4.9:

/0 2NN (B —2;8)dz = T() Fy (a7 = By v 1;6)
where Re(y) > Re(f) > 0, Re(a) > 0.

Proof: Putting z — — z into equation (4.12), multiplying the result by z®~! and
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then integrating with respect to z, bound from 0 to oo, resulting

0o oo
/ 22 TLOPY (B 7; —2; €)dz :/ eI (v = By €)de

0 0
00 0 Beﬂﬁ _ .
— / Zoz—le—z Z P,q (7 /8+wz7f7§) dz.
0 = BBy -B%
Reversing the order of integration and summation can lead to
> o~ Byt (1= B w. 16 [
a—150,0(n. A. . _ P9 s M atw—1_—=z
29708y —2;€)dz = / z e “dz
|, = D P R =
= B =B+ @88, ()T
=I'(« 24 2 ()
© L G5 @

=T(a)Epy (a,v = 57 1;€) -

Theorem 4.10: (Gauss summation formula)

= Be?w y Y — P — QG
i (o is1s = 30 2 Pren i),

where p,q > 0; p,q = 0 when Re(a) > 0, Re(y) > Re() > 0.
Proof: By substituting z = 1 into equation (4.4), the desired result is obtained.

5 Conclusion

Extended gamma, beta and hypergeometric functions have been studied and inves-
tigated with some of their properties such as integral formulas, functional relation,
differential formulas, summation formulas, recurrence relations and the Mellin trans-
form. The applications of the extended beta function to statistical distribution have
been discussed by providing the extended beta distribution and the correspond-
ing mean, variance, coefficient of variance, moment generating function, cumulative
distribution and reliability function. It is reported in Abubakar (2022 a, b) that
the newly introduced special functions reduce to some known gamma, beta, Gauss
hypergeometric and confluent hypergeoemtric functions, for example, resulting in
Chaudhry and Zubair, (1994), Chaudhry et al., (1997, 2002), Lee et al., (2011), Choi
et al., (2014), Sahin, et al., (2018), Kulip et al., (2020) and Barahmah (2021).The
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special functions under considerations are expected to have more applications in
fractional calculus, integral transforms, statistics, astrophysics, physics, engineer-
ing, science and technology.
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